Abstract In this work we developed a general approach to the problem of detecting and quantifying different kind of correlations in bipartite quantum systems. Our method is based on the use of distances between quantum states and processes. We rely upon the premise that total correlations can be separated into classical and quantum contributions due to their different nature. In addition, according to recently discussed criteria, we determined the requirements to be satisfied by distances in order to generate correlation measures physically well behaved. The proposed measures allow us to quantify quantum, classical and total correlations.
Introduction
Quantum information processing and quantum computing are relatively new subjects of research concerned with the use of quantum resources to perform tasks of information processing which are either not feasible to be implemented classically or can be performed with classical devices in a way much less efficient. Since the inception of these research fields, the central point seems to be able to precise which feature in the quantum realm is responsible for the so-called quantum advantage. For a long time, entanglement was believed to be the main resource for a practical use of quantum information processing. However, at present, it is widely recognized that this is not the unique asset which can be used for quantum protocols in order to outperform their classical counterparts. Several results allow us to conclude that in some quantum tasks the responsible for the processing improvements are correlations of a quantum nature different from entanglement [1, 2, 3, 4, 5, 6, 7, 8] . In fact, it is worth to mention that quantum nonlocality may also arise even in the absence of entanglement [9] .
Usually, because of the distinctive nature of quantum and classical correlations [10, 11, 12, 13] , the procedures used to detect the presence of correlations rely on the reasonable assumption that total correlations T contained in a bipartite quantum state ρ may be separated as
where Q and J represent measures of quantum and classical correlations, respectively. It is worth to mention that, within this framework, eq. (1) makes sense if all three quantities are measured in the same units. In particular, a widely accepted information-theoretic measure of the total correlations contained in a bipartite quantum state ρ is the (von Neumann) Quantum Mutual Information I (ρ) defined as:
In eq. 
The quantity I (ρ) describes the correlations between the whole subsystems rather than a correlation between just two observables.
Classical correlations present in a quantum state ρ of a bipartite quantum system can be quantified, for example, through the measure proposed by Henderson and Vedral in ref. [11] . Thus, in the case of assuming that total correlations are measured by quantum mutual information I (ρ) and classical correlations are measured according to the quantity introduced by Henderson and Vedral, J S (ρ) (cf. Sec. 2.2), the resulting measure of quantum correlations turns out to be the widely known definition of quantum discord (QD) [14, 11, 15] , i.e.,
It can be shown that the essence of QD is to quantify the discrepancy between the quantum versions of two classically equivalent expressions for mutual information [14, 11] . However, although from a conceptual point of view, QD is of relevance in assessing possible non-classical resources for information processing, for a practical use it presents some drawbacks. For example, at this moment there is no straightforward criterion to verify the presence of nonzero discord in a given arbitrary bipartite quantum state (i.e., an arbitrary bipartite state belonging to the product of two Hilbert spaces of arbitrary dimensions). Besides, as the evaluation of QD involves an optimization procedure, analytical results are known only in some particular cases [16, 17, 18, 19, 20, 21, 22, 23, 24, 15] . Furthermore, in general, calculation of quantum discord is NP-complete since the optimization procedure needs to be done by means of a sweep over a complete set of measurements performed over one of the subsystems [25] . Additionally, quantum discord can be created starting from a state with zero discord and then performing Local Operations [26, 27] . It is hard to accept that local operations alone do increase the amount of correlations between two subsystems. Instead, it is expected that correlations present in the resulting state are lower than or equal to the correlations of the classical state. As this last statement is not reflected in the behaviour of quantum discord, it turns out to be questionable to affirm that (all) discordant states can be thought of as resources useful for quantum information processing tasks. Therefore, a central problem in quantum physics is to be able to characterize and quantify correlations in multipartite states. Further research about correlations is important not only from a practical point of view but also from a conceptual point of view as they can provide additional insights about the underlying physics behind correlations present in quantum systems. Detecting the existence of non-classical correlations in a given system is the central goal for a measure of correlations regarding the possibility of classifying a given system as a genuinely quantum one. To this end, it may result of interest to devise proper means to detect and quantify the presence of such correlations. Measures of different kinds of correlations in quantum systems can be motivated by different notions of classicality or operational means to quantify nonclassicality. Thus, on one hand, different measures of quantum correlations shall be in general not identical and, on the other hand, conceptually different. Regarding quantum discord, for example, it can be seen that it does not coincide in general with entanglement or measurement induced disturbance [28, 29, 30] . Moreover, a direct comparison between these two notions can be meaningless [28, 31] . As a result, general approaches and theoretical frameworks seem to be central to the study and understanding of different notions of quantumness. In previous works, some authors thoroughly discussed a set of properties that bonafide measures of correlations should satisfy. In this work we introduce a scheme to measure correlations in bipartite quantum systems in the following way: Starting from the (plausible) definition of a measure of total correlations T (ρ) and a measure of classical correlations, we build a measure Q(ρ) of quantum correlations based on the difference between the two former. Then, based on refs. [32] and [33] , we show that the measure Q(ρ) satisfies a set of desirable properties for a suitable measure of quantum correlations. In this way, our proposal for measures of different kinds of correlations in a bipartite quantum system turns out to be consistent. This paper is organized as follows. In Sec. 2 we outline the basic theoretical background directly related to our work. In Sec. 3, we develop our main results, i.e., we introduce a general approach to define measures of different kinds of correlations using the concept of distinguishability between quantum states. Finally, some conclusions are drawn in Sec. 4. 
In the context of probability theory, a functional d satisfying properties a) and b) is called a divergence. If, in addition, d satisfies property c), then d is called a distance.
In quantum physics, the divergences and distances are defined on the set of quantum states, represented by density operators acting on a Hilbert space H. In particular, the density operators representing the states of a given system correspond to the elements of B + 1 (H), i.e., the set of bounded, positive-semidefinite operators on H, with unit trace. The notion of a state as a unit vector of H refers to the extremal elements of B + 1 (H) (ρ ∈ B + 1 (H) is extremal if and only if it is idempotent, i.e., ρ 2 = ρ). In this case ρ is of the form |ϕ ϕ| for some unit vector |ϕ ∈ H, and it represents a pure state.
One of the most important features of quantum mechanics is that, in general, two arbitrary quantum states cannot be distinguished with certainty. Only orthogonal states can be discriminated unambiguously. Therefore, in order to determine how close two quantum states are to each other, a variety of distance measures have been developed, for example, trace distance, Fidelity, Bures distance, HilbertSchmidt distance, Hellinger distance and Quantum Jensen-Shannon divergence, just to name a few [34, 35, 36, 37, 38, 39, 40, 41] .
Usually, from physical grounds the following properties are also required for a distance between quantum states [34] :
with U some unitary operator; f) d(·||·) must be non-increasing under the action of a trace-preserving quantum operation,
g) d(·||·) must be convex in one of its inputs,
where {p i } is a probability distribution and
with {|i } an orthonormal basis of H A , {p i } a probability distribution, {ρ i } ∈ B +
Correlations in quantum systems
Let us consider a bipartite system (A + B) in an arbitrary quantum state ρ on a finite dimension Hilbert space
The definition of total, classical and quantum correlation measures is closely related to different set of states, since that in general their properties (in order to be acceptable measures) are connected to a given set of states. For instance, if the system is prepared in a pure state |ψ AB , (i.e., ρ = |ψ AB ψ AB |) two things could occur, the subsystems are independent (that is, they do not present any correlation) in which case the state can be described as a tensor product |ψ AB = |φ A ⊗ |χ B , or the global state cannot be written in tensor product form |ψ AB = |φ A ⊗ |χ B in which case the state is said to be entangled. Entanglement is the only possible form of quantum correlation in pure bipartite states. In fact, entanglement, non locality, and QCs are synonymous in this particular case.
In contrast, for a system prepared in a mixed state described by a density matrix ρ, other type of correlations can emerge, giving rise to a subtler and richer situation than the case of pure states. It is well known that the notion of entanglement does not capture all informational theoretical aspect of the quantum correlations that could be present in composite systems. Indeed, unentangled mixed states can be endowed with correlations exhibiting relevant quantum features [1, 8] .
The set of separable states S A,B of bipartite quantum systems is composed by density operators ρ ∈ H A ⊗ H B such that
where ρ i
A(B)
refers to quantum states of subsystem A (B) and p i are non-negative numbers such that ∑ i p i = 1. The set of product states, included in the set of separable states, can be defined as follows
A state ρ belonging to the set P A,B is also called uncorrelated in the sense that it does not has any kind of correlations. Then, given a quantum state ρ, it will be a separable or a product state if it can be reduced to the form established in (9) or in (10) respectively. If a state ρ does not admit a decomposition of the form given by eq. (9) it is named non-separable. It is important to realize that only non-separable states have quantum correlations analogous to that of an entangled pure state. However, non-classical correlations may be present in some subset of separable states.
When both subsystems are classical, states can be casted in terms of orthonormal bases of each Hilbert spaces H A y H B . Taking the bases as {|i A } and {|j B }, the set of classical states is given by
being {p ij } a joint probability distribution. The states in C A,B are usually called classical-classical states and they are (exclusively) classically correlated. Also the set of (asymmetric) classical-quantum states can be defined,
where {p i } is a probability distribution and {ρ i B } any set of quantum states of the subsystem B. In a similar way we can also defined the set C B of quantum-classical states.
Total correlations given by eq. (2), can be recast in terms of the von Neumann relative entropy in the following form:
where relative entropy is given by
Thus, eq. (13) can be interpreted as a kind of distance between the state ρ and the uncorrelated state ρ A ⊗ ρ B , measured by means of quantum relative entropy. According to ref. [11] , in Eq. (4), the measure of classical correlations J S (ρ) is defined as
where
, m ∈ N, represents a von Neumann measurement on subsystem A, that is, a family of orthonormal projectors on H A , and
are the states of the subsystem B and the conditional probabilities of getting the state ρ M B|j after the measurement M respectively. The reader should be aware that the measure J S (ρ) it is not symmetric under the exchange of subsystems A and B. Therefore in some sense there exists a directionality over J S (ρ) and in consequence over the quantity D(ρ). States given by Eq. (16) are commonly referred to as conditional states.
From Eq. (1) we can define a directional measure of quantum correlations in the form
Thus, it can be easily seen that QD is a particular case of the relation given by Eq. (18) when we choose T (ρ) = I (ρ) and J (ρ) = J S (ρ). In Sec. 3 we will introduce a general approach, based on expression (18) , in order to define measures of different kind of correlations built upon the concept of distinguishability between states in the quantum realm. We want to emphasize that J (ρ) is not a symmetric quantity under the exchange of A with B; we will name it a classical-quantum correlation measure.
Properties of correlation measures
The set of criteria to be satisfied for valid quantifiers of correlations in quantum systems is still an open question. However, following refs. [32] and [33] , it seems reasonable to require the following set of necessary properties for any well-behaved measure of correlations: It is suggested that any measure which does not meet these necessary conditions is not a valid measure of correlations [32] .
Generalized correlation measures in bipartite quantum systems
Here we propose measures of total, classical and quantum correlations. We analize the properties to be satisfied by a distance in order that the above enumerated conditions are verified.
Generalized measures of total correlations
Equation (13) captures the informational sense of the relative entropy and provides a road to define a measure of total correlations by means of a distance between quantum states. In fact given an arbitrary distance d(·||·) we propose a measure of total correlations as follows:
Thus we have a whole new family of quantifiers which can, in principle, provide us with new information. To substantiate the fact that the measure T d (ρ) quantifies total correlations, let us check how the conditions over d(·||·) are mirrored over the properties to be fulfilled by T d (ρ). After some algebra we arrive to the following propositions: The proof of both propositions is straightforward.
Generalized measures of classical-quantum correlations
Our goal here is to introduce a classical-quantum correlations measure for an arbitrary state. The idea is to measure the observable M on subsystem A and see how this action conditions the state of the subsystem B. To do this, we assume that M has a discrete spectrum and the eigenvalues are labelled with j ∈ N. We quantify how different is ρ B from the states ρ M B|j arising after performing the local mea-
. Thus, a measure of correlations between the two subsystems is the maximum of the weighted average of the above
When the distance d(·||·) is replaced by the relative entropy expression (15) is recovered. Let us check which are the necessary properties for d(·||·) such that J d meets the criteria to be a classical-quantum correlation measure. We establish the following proposition. Then, by definition, we can assume we are in the presence of a measure of some kind of correlations. Let us take a step further by addressing the classical character of the correlations quantified by this measure given an extra requirement. In order to justify that the correlations captured by the measure are in fact classical-quantum ones, we must attach an extra requirement to the measure.
Let us consider a classical-quantum state of the form ρ c = ∑ i p i |i i| A ⊗ ρ i B , then we want the following condition to be satisfied,
This follows from the fact that for the state ρ c the best measurement we can perform on the subsystem A to obtain information about the subsystem B, is a projective measurement on the states {|i } [11] , i.e. M = {|i i|} maximizes (21) 
Proof
The conditional states are
with p ′ j = ∑ i p i q ij and q ij = Tr M j |i i| A . Therefore, we have
As the distance d(·||·) fulfill the property g) the inequality
holds. Using ∑ j M j = 1 and Tr[|i i| A ] = 1 follows ∑ j q ij = 1. Thus, when we multiply this last inequality by p ′ j and we perform the sum over j it results
It should be noted that we have not imposed the condition of symmetry for d (·||·) . Therefore, according to the last proposition, the conditional states ρ M B|j must be evaluated in the argument for which the distance is convex. By proceeding in this way we will be able to demonstrate that J d is a measure of classical-quantum correlations. In order to do this we consider an arbitrary state ρ and perform a von Neumann measurement M = {M j } m j=1 on the subsystem A. The state of the system after the measurement (and before the observation) is given by
where ρ M ∈ C A is a classical-quantum state. This state can also be written as,
with ρ M
B|j
and p ′ j defined as in eq. (16) and (17) respectively. Then using eq. (22) with d(·||·) convex in its first input, we have
ρ M is a classical-quantum correlated state, in the sense that the correlations are between a classical subsystem A and a quantum subsystem B. These correlations are quantified by left hand side of equation (29) and since ρ is an arbitrary state, the right hand side equality allows us to conclude that the correlations quantified by J d are classical-quantum.
Generalized measures of quantum correlations
With both total and classical-quantum correlation measures at hand, and with the properties that d(·||·) must satisfy so that the proposed measures are appropriately defined, we propose a measure for quantum correlations as follows,
From previous sections we know that if d(·||·) complies with the conditions a), b) and e)-g) (cf. Sec. 
As ρ M ∈ C A and according to the property h) of d(·||·), it follows that
or equivalently according with Eq. (29)
Then, using eq. (31) we can write
for all von Neumann measurement M, in particular for the one that maximizes the classical-quantum correlations. Thus, the condition
is satisfied and the positivity of Q d demonstrated. It should be noted that this definition for the quantum correlation measure reduces to the quantum discord in the case d(·||·) = S(·||·) being S the quantum relative entropy. In reference [33] Adesso et al. proposed three additional conditions that a well behaved measure of quantum correlations should satisfy. Two of them have to do with the manner that the measure behaves under quantum local operations. The other one says that for a pure state the measure should reduce to an entanglement quantifier.
According to Addeso it should be impossible to create quantum correlations by doing any action only on the part B of the bipartite system. In this context we were able to prove the following proposition:
where ρ, σ, ψ ∈ B(H) with ψ a pure state.
is invariant under the exchange of the subsystems B and E. Here, the matrices σ in the arguments of d(·||·) are the reduced matrices of σ ABE , for example: σ AE = Tr B [σ ABE ]. then Q d (ρ) is monotonic non-increasing under local operations on subsystem B (cf. property 4, Sec. 2.3).
When some of the assumptions of proposition (VI) are relaxed it may occur that the monotonusly non-increasing behaviour of Q d (ρ) remains valid. In that case a particular analysis should be necessary for the distance under study.
Furthermore, we are also analyzing the conditions to be fulfilled by the distance d(·||·) in order for Q d to reduce to a physically well-behaved entanglement measure in the case of pure states.
Concluding remarks
In this work, by using distances between quantum states and processes, we proposed a general approach to the problem of assessing different kind of correlations in bipartite quantum systems. Under the assumption that total correlations contained in a bipartite state can be expressed as a sum of classical and quantum contributions we derived the properties that distances must fulfill in order to generate well-behaved quantifiers of correlations. We demonstrated that the distances satisfying trivial properties, namely, non-negativity, identity of indiscernibles, and invariance under unitary transformations a), b) and e), with the additional requirement of been non-increasing under the action of a trace-preserving quantum operation f) (cf. Sec. 2.1), generate physically reasonable measures of total correlations. To generate well-behaved measures of classical-quantum correlations, distances must verify the trivial properties a), b) and e) in addition to be convex in one of its inputs (cf. property g), Sec. 2.1). Finally, we showed that distances satisfying all these properties in addition to the extra condition h) (cf. Sec. 2.1) generate well-behaved quantum correlation measures in this additive scheme. We also showed that the proposed measures of quantum correlations are monotonic non-increasing under local operation on subsystem B whenever the distance measure satisfy the restricted additivity and meets the relation given in Eq. (36) .
